The development of an LFT representation for the nonlinear HIRMplus research model is presented. The structured singular value p is applied on the so developed LFT in order to clear critical areas in the flight envelope. p-Analysis allows to determine the combination of uncertain parameters within their respective :bounds, for which a performance criterion or stability margin~is worst. For a sensible worst-case analysis, it is important that the uncertain parameters are directly related to the physical uncertain/varying parameters in the nonlinear model. First a symbolic nonlinear model 'of the H I m p l u s is developed, which depends on the physical parameters of interest in a rational way. Then the model is lidearised symbolically. A low order LFT model is generated and compared with one obtained using an affine modelling approach. Although both model representations are aimed to cover the same flight conditions, the atline model is a function of a large number of artificial parameters. Both models are compared regarding the&. eaSe of generation, conservatism, accu-
Introduction
. . This research work is motivated by the flight control law clearance task. Within craft. The closed loop can be described as ' .
e = F U ( A , N ) d (2)
. . 1. Analyse-the whole flight envelope, area by~area, using affine uncertainty representations of the model to construct the LFT model. This can be done in a quite straightforward fashion. The method possibly results into conservative robustness predictions. In Fig. 2 an example gridding is depicted.
2. Analyse problem areas of point 1 (dark areas in LFT models of small (with limited amount of complexity) dynamic systems can be generated by hand or hy representing the generalised plant in a Simulink dia--gram. For models, which involve more parameters and dynamics, one is forced to use a structured and preferably automated approach.
In this direction LFT models have been generated out of (&ne) parameter representations, obtained by re- The proposed procedure can be applied to every part of the flight envelope, but for simplicity the procedure is demonstrated for two flight conditions, i.e. one uuaccelerated horizontal flight and one push-over trim condition. The two conditions can be found in Table 1 .
This article is structured as follows. In section 2 the procedure and results are presented concerning the construction and validation of the symbolic nonlinear equations of motion of the HIRMplus aircraft model (longitudinal motion). This corresponds to the first step of Fig. 3 . Subsequently, two different symbolic LFT realisation approaches are presented in section 3, resulting in LFT models with different order (the second step of Fig. 3) . The use of structure in parameter dependencies and the reduction of already realised LFT models is discussed. After that, the LFT with lowest order is used for robustness analysis. Worst case performance and worst case gain and phase margins are calculated. In section 4 the margin results are compared with those obtained with another LFT model, generated with repeatedly performed linearisations, and those obtained with the original model. It will give more insight regarding accuracy and conservatism. The chapter finalises with the most important conclusions in section 5. The goal of this section is twofold. The first objec, tive is the transformation of the HIRMplus model2 into a symbolical, nonlinear parametric uncertainty model (PUM), in which the parameters appear in a rational way. The symbolic form serves well for localizing the physical dependencies of the uncertainties. The second objective has to do with the restriction that the final LFT should be kept limited order. One can achieve a good basis for that only by means of simplifying the model equations.
As a first step the nonlinear equations are derived and simplified. After this, the aerodynamic tables are fit- is decided to investigate the uncertain parameters of equation 4 (they will appear in a symbolic way) and the system matrix S@) can be written as:
Derivation of nonlinear equations
The states, inputs and outputs of the flight dynamics are:
States:
Inputs: The coefficient values are determined by means of a least square routine. The polynomial fitting result is plotted over the original data in Fig. 7 . The similarity between the models turned out to be not good enough. Therefore, the polynomial order of the fitting is raised and, as an extra measure, the number of points in the aerodynamic table is increased by interpolation. The new C,, expression is:
si,.
XC,
This function is depicted in Fig. 8 . For the other stability derivatives this fitting procedure is used as well. In order to judge the quality of the symbolic nonlinear model it is linearised. The linear system matrices are compared with the directly linearised original system matrices. With the information about discrepancies at specific places in the model (matrix elements), it is possible by tuning to correct for aerodynamic fitting errors. Fig. 9 in appendix A shows the time responses (FC2) of both models, used for'final validation. As can be seen, small discrepancies still exist, which should later be covered by a compensation parameter.
FYom PUM to LFT
The construction of the symbolic nonlinear flight dynamics model from the last section mainly involved the derivation of the equations of motion, the polynomial fitting of aerodynamic data tables and the validation of the model. After the symbolically performed partial derivation at the two flight conditions, we have at our disposal the following model structure:
The use of structure before the realisation phase is crucial for arriving at minimal order uncertainty blocks, see also [3] . However, n-D reduction/approximation routines for decreasing order after realisation continue to be necessary in most cases, because structure cannot always fully he exploited. The routines used are based on the removal of uncontrollable/unobservable subspaces according to the proposed procedure in [I] . Some results are depicted in Table 2 .
Validation of the models is performed by means of simulation and matrix element comparison between the original nonlinear model (linearised) and the LFT model for different perturbation sets (not shown here). It can be remarked that within the effort of modelling . . with the least conservatism possible, one has to account I c,:
for the following important issue: the polynomial fittings of aerodynamic tables may cause discrepancies between the original model and the LFT. Measures to avoid this will be discussed in the following section.
Robustness Analysis
The approach of the last section has provided us with a low order LFT model, containing physical uncertainties/variations. This model enables us to perform rcbustness and worst case analysis (in this case only performance). The objective of this section is threefold:
Presentation of worst case performance results3 and comparison with original linear model. With these results it is possible to judge the amount of conservatism.
Proposition for compensating modelling errors
e Comparison of the same analysis results with those, obtained by a rather straightforward LFT generation approach Tables 3 and 4 show an example of the worst case gain margin results. Analysis of the original model reveals that the margin for e.g. the &,-channel is 8.03 dB ' The robustness analyses are performed analogous to the e t u p presented in 181.
(FCZ), meaning that the symbolic approxh prediction is slightly optimistic. The same holds for the pitch rate channel.
Regarding FC1 the situation is worse. When camp&-ing the results with the original model, we see a quite dangerous margin prediction.
Both deviations are due to the same cause: one introduces errors when fitting aerodynamic data into functions. Especially in the case of the HIRMplus, these data tabies show highly nonlinear curvatures. The situation is deteriorated by the necessary substitution of equilibrium functions (which describe the trim state and trim input..= a function of the set of parameters; which defines the trim). In the validation process of the LFT this problem could be seen by some deviations in. : matrix elements.
There are two approaches t o deal with the optimistic predictions. The first approach comesdown to a com-.pensation after-ihe LFT is generated. Investigation of the amount of extra variation to be added. This can easily be done by means of an artificial parameter. The ~ . ~ introduction of a small artificial compensation param-. eter, in order to cover polynomial fitting discrepancies, showsthat the gain margin for FC2 changes into~8.00 -dB (ett,;channel) and 7.97 dB (q-channel), respectively.
The'second .wai i s~a more structured approach, which could very well be used in general, just to be sure to.
one can introduce some more variation on the implicit functions. Fig. 4 shows the idea for an example curvature of C,,,,..Doing this for all aerodynamic functions and equilibrium surfaces will cause the LFT model to be more conservative, but this amount of conservatism is very limited compared to possible conservatism with ., ~ ~ the' "in-max' method of 1' 21. Tables 3 and 4 It is obvious that these margins are very close to what they should be. We could ask ourselves: is the more time consuming symbolic method worthwhile doing with respect to conservatism? The answer is yes. Although the results for the "in-max' method appear to
be not conservative at all, the method has a general POtential risk for conservatism. The reason is the fact that the artificial parameters are able to form worst case combinations, which are not physically possible. They do not take into account possible parameter-dependencies in the matrices (apparently, in the HIRMplus case they did form a physically possible combination).
~.
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Conclusions
A natural setup is presented to perform uncertainty modelling, LFT generation and validation. The first step in the prbcess is the derivation of the nonlinear equations of motion of the aircraft,-which is done in section 2. This is a time consuming step, especially if one doesnot really know the model beforehand. The aero-' dynamic tables were fitted using a least square fitting routine. It turned out to tie necessary to tune the obtained polynomiali~for different flight conditions. The possibly introduced fitting errors are of considerable in--fluence on the quality of the final robustness analysis results. The amount of simplification in the modelling phase already determines the size of the final LFT, later on in the process. For example, the aider of the fittings and the approximations of sinus knd cosinus have their influence.
Once the symbolical nonlinear equations are known, it is possible to start the realisation of the LFT model, see section 3. Herefore it is necessary to partially differentiate the symbolic equations around the trim condition. For the standard uncertainty set, two LFT models were now realised, one by a direct realisation and one by.the 'structuredtree algorithm'. p the use of structure leads ~ -, to a lower order LFT model. withanother approach. This approach is based on an affine description of a 'multi-model', which is the set of -really substantiated the advantage of theexact symbolic modelling approach~regarding conservatism. The chosen set of uncertain parameters and the structure of the model are the most important reasons for that. The artificial worst case parameter sets of the "in-ma' a p proach appear to create systems, which are physically possible. However, the symbolic approach enables us to find worst case perturbation sets, which consist of physical parameters. In problem areas in the flight envelope this is almost obligatory. Besides, no repeated linearisations are needed to obtain the LFT, which is a great advantage. 
